discrete subgroups of lie groups

discrete subgroups of lie groups constitute a fundamental concept in the
study of continuous symmetry and algebraic structures within mathematics.
These groups arise naturally in various branches such as differential
geometry, algebraic topology, and number theory. Understanding discrete
subgroups of Lie groups involves examining the interplay between discrete
topological properties and the smooth manifold structure of Lie groups. This
article explores the definition, examples, properties, and applications of
discrete subgroups, highlighting their significance in modern mathematical
research. It will also cover classification results and key theorems that
shape the theory. The content is designed to offer a comprehensive overview
suitable for advanced students, researchers, and professionals interested in
Lie theory and geometric group theory.
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Definition and Basic Properties of Discrete
Subgroups

In the context of Lie groups, a discrete subgroup is a subgroup equipped with
the discrete topology that is also a subset of the Lie group’s manifold
structure. More precisely, if G is a Lie group, a subgroup I' € G is called
discrete if the subspace topology on ' inherited from G is the discrete
topology. This means that each point in ' is isolated from others, and there
are no limit points of ' within G except possibly at infinity.

Discrete subgroups of Lie groups often serve as lattice points within the
continuous symmetry group, providing a bridge between continuous and discrete
mathematics. Key properties include:

e Every discrete subgroup is a closed subset in the Lie group topology.

e Discrete subgroups can be finite or infinite, depending on the ambient
Lie group and the subgroup’s structure.

e The notion of discreteness is crucial when studying quotient spaces
formed by cosets of these subgroups, often yielding interesting
geometric or topological structures.



Topological and Algebraic Considerations

From a topological perspective, discreteness implies that there exists a
neighborhood around the identity element in G that contains no other elements
of the discrete subgroup besides the identity. Algebraically, discrete
subgroups can exhibit complex behavior depending on the Lie group's dimension
and type.

Examples of Discrete Subgroups in Classical Lie
Groups

Discrete subgroups appear in many classical Lie groups, serving as
fundamental examples that illustrate their diverse nature and applications.

Discrete Subgroups of the General Linear Group

The group GL(n, R), consisting of all invertible nxn real matrices, admits
discrete subgroups such as GL(n, Z), the group of invertible integer
matrices. This subgroup is discrete because integer matrices form a lattice
in the continuous space of real matrices.

Discrete Subgroups in SL (2, [)

The special linear group SL(2, R) plays a prominent role in geometry and
number theory. A classical example of a discrete subgroup of SL(2, R) is the
modular group SL(2, Z), which acts discretely on the upper half-plane and is
fundamental in the theory of modular forms.

Fuchsian and Kleinian Groups

Fuchsian groups are discrete subgroups of PSL(2, R), the projective special
linear group acting on the hyperbolic plane. Kleinian groups generalize this
concept to PSL(2, C), acting on hyperbolic 3-space. Both classes are central
in geometric group theory and low-dimensional topology.

Structure and Classification Theorems

Classifying discrete subgroups of Lie groups is a deep and ongoing area of
research. Several structural theorems provide insight into their organization
and properties.

Lattices in Lie Groups

A special class of discrete subgroups is lattices, which are discrete
subgroups such that the quotient space of the Lie group by the subgroup has
finite invariant volume. Lattices can be uniform (cocompact) or non-uniform,
and their classification depends on the Lie group's properties.



Mostow Rigidity and Margulis Superrigidity

These theorems provide strong restrictions on the structure of discrete
subgroups in higher-rank semisimple Lie groups. Mostow rigidity states that
the geometry of locally symmetric spaces of noncompact type is uniquely
determined by their fundamental groups, which are discrete subgroups of Lie
groups. Margulis superrigidity further restricts representations of these
discrete subgroups, influencing their classification.

Selberg’s Lemma and Residual Finiteness

Selberg’s lemma states that every finitely generated subgroup of GL(n, C)
contains a torsion-free subgroup of finite index. This result is relevant for
discrete subgroups because it allows the construction of torsion-free
discrete subgroups, facilitating the study of quotient manifolds.

Applications in Geometry and Number Theory

Discrete subgroups of Lie groups have profound applications across various
mathematical disciplines, particularly in geometry and number theory.

Hyperbolic Geometry and Manifolds

Discrete subgroups of PSL(2, R) correspond to fundamental groups of
hyperbolic surfaces, making them essential in the study of hyperbolic
geometry and 2-dimensional manifolds. The quotient spaces formed by these
subgroups often have rich geometric structures.

Automorphic Forms and Arithmetic Groups

Arithmetic groups, which are discrete subgroups defined by algebraic
conditions over number fields, play a key role in the theory of automorphic
forms and modular forms. These discrete subgroups help connect representation
theory, harmonic analysis, and number theory.

Crystallographic Groups and Symmetry

Discrete subgroups of Euclidean groups correspond to crystallographic groups
that model symmetries in physical crystals. This connection bridges
mathematical theory with practical applications in physics and materials
science.

Important Theorems and Results

Several pivotal theorems underpin the theory of discrete subgroups within Lie
groups, providing foundational tools for their analysis.

1. Selberg's Lemma: Ensures the existence of torsion-free finite-index



subgroups in finitely generated linear groups.

2. Mostow Rigidity Theorem: Establishes rigidity properties of discrete
subgroups in higher-rank Lie groups influencing manifold geometry.

3. Margulis Arithmeticity Theorem: Characterizes irreducible lattices in
higher—-rank semisimple Lie groups as arithmetic.

4. Borel Density Theorem: Describes density properties of lattices in
semisimple Lie groups.

5. Selberg’s Trace Formula: Connects discrete subgroups with spectral
theory and harmonic analysis.

These theorems form the cornerstone of ongoing research in the structure and
dynamics of discrete subgroups of Lie groups, influencing both pure and
applied mathematical fields.

Frequently Asked Questions

What is a discrete subgroup of a Lie group?

A discrete subgroup of a Lie group is a subgroup equipped with the discrete
topology, meaning its elements are isolated points within the topology
induced by the Lie group. Equivalently, it is a subgroup whose induced
topology is discrete, so there is no accumulation point of its elements in
the Lie group.

Why are discrete subgroups important in the study of
Lie groups?

Discrete subgroups are crucial because they often serve as symmetry groups in
geometry and topology, particularly in the theory of lattices, qgquotient
spaces, and the construction of manifolds with interesting geometric
structures. They help in understanding the global structure of Lie groups and
their quotient spaces.

What is an example of a discrete subgroup of a Lie
group?

An example is the group SL(2,Z), the group of 2x2 integer matrices with
determinant 1, which is a discrete subgroup of the Lie group SL(2,R). Another

example is the fundamental group of a hyperbolic manifold, which can be
realized as a discrete subgroup of the isometry group of hyperbolic space.

How are discrete subgroups related to lattices in Lie
groups?
A lattice in a Lie group 1is a discrete subgroup for which the quotient of the

Lie group by the subgroup has finite invariant measure (volume). Thus, every
lattice is a discrete subgroup, but not every discrete subgroup is a lattice.



Lattices are important in understanding arithmetic groups, ergodic theory,
and geometric structures on manifolds.

What role do discrete subgroups play in the theory of
automorphic forms?

Discrete subgroups, especially arithmetic lattices in Lie groups, serve as
symmetry groups for automorphic forms. These forms are functions invariant
under the action of discrete subgroups and play a central role in number
theory, representation theory, and the Langlands program.

Additional Resources

1. Discrete Subgroups of Lie Groups by M.S. Raghunathan

This classic text provides a comprehensive introduction to the theory of
discrete subgroups of Lie groups. It covers fundamental concepts such as
lattices, arithmetic groups, and rigidity theorems. The book is well-suited
for graduate students and researchers interested in the geometric and
algebraic structure of discrete groups within Lie groups.

2. Introduction to Arithmetic Groups by Armand Borel

Armand Borel’s book offers a detailed account of arithmetic groups, a
particular class of discrete subgroups of Lie groups. It explores their
structure, properties, and applications in number theory and geometry. The
text serves as a bridge between abstract algebraic groups and concrete
discrete subgroups.

3. Discrete Groups, Expanding Graphs and Invariant Measures by Alexander
Lubotzky

This book studies discrete groups from a combinatorial and geometric
perspective, emphasizing their applications in constructing expanding graphs.
It also delves into invariant measures and ergodic theory on homogeneous
spaces related to Lie groups. The work is wvaluable for those interested in
the interplay between discrete subgroups and combinatorial structures.

4. Geometry of Discrete Groups by Alan F. Beardon

Beardon’s book focuses on the geometric aspects of discrete groups acting on
hyperbolic spaces, which are closely connected to Lie groups. It provides
accessible introductions to Fuchsian and Kleinian groups, fundamental
domains, and tessellations. The text is ideal for readers seeking to
understand the geometric intuition behind discrete group actions.

5. Discrete Groups in Geometry and Analysis edited by Roger Howe

This edited volume collects surveys and research papers on discrete subgroups
of Lie groups, highlighting their roles in geometry and harmonic analysis.
Topics include representation theory, ergodic theory, and applications to
number theory. It is suitable for advanced researchers looking for current
developments and diverse perspectives.

6. Foundations of Hyperbolic Manifolds by John G. Ratcliffe

Ratcliffe’s book provides an introduction to hyperbolic geometry and the
discrete groups acting on hyperbolic space, many of which are discrete
subgroups of Lie groups. It covers the construction and classification of
hyperbolic manifolds and orbifolds. The text is comprehensive and includes
numerous examples and exercises.

7. Discrete Subgroups of Semisimple Lie Groups by Armand Borel and Harish-



Chandra

This foundational work addresses the structure and classification of discrete
subgroups in semisimple Lie groups. The authors develop key concepts such as
arithmeticity and reduction theory. It is a seminal reference for
mathematicians working in the theory of algebraic groups and discrete
subgroups.

8. Lie Groups, Lie Algebras, and Representations: An Elementary Introduction
by Brian C. Hall

While primarily an introduction to Lie theory, this book includes discussions
on discrete subgroups and their representations. It provides a clear
exposition suitable for beginners and highlights the connections between Lie
groups and their discrete subgroups. The book serves as a good starting point
before delving into more specialized literature.

9. Ergodic Theory and Semisimple Groups by R.J. Zimmer

Zimmer’'s book explores the ergodic theory of actions by discrete subgroups of
semisimple Lie groups. It discusses rigidity phenomena, measure
classification, and applications to geometry and dynamics. This advanced text
is essential for those interested in the dynamic aspects of discrete
subgroups in Lie groups.
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