6 3 additional practice exponential
growth and decay

Exponential growth and decay are fundamental concepts in mathematics and
science, representing processes that change at rates proportional to their
current value. These concepts are not only essential in academic settings but
also play crucial roles in various real-world applications, such as
population dynamics, finance, and radioactive decay. In this article, we will
explore the characteristics of exponential growth and decay, their
mathematical representations, and provide additional practice problems to
solidify your understanding of these important concepts.

Understanding Exponential Growth

Exponential growth occurs when a quantity increases at a rate proportional to
its current value. This means that as the quantity grows, the rate of growth

also accelerates. The general formula for exponential growth can be expressed
as:

\[ P(t) = P 0 \cdot e~{rt} \]

Where:

- \( P(t) \) = the amount at time \( t \)

- \( PO \) = the initial amount

- \( r\) = the growth rate (as a decimal)

-\( t\) = time

- \( e \) = Euler's number (approximately 2.71828)

Examples of Exponential Growth

1. Population Growth: Many species reproduce at rates that lead to
exponential increases in their populations. For example, if a population of
bacteria doubles every hour, it is experiencing exponential growth.

2. Investment Growth: In finance, investments that earn compound interest
grow exponentially. For example, if you invest $1,000 at an annual interest
rate of 5%, the amount will increase exponentially over time.

3. Technology Adoption: The rate of adoption of new technologies often
follows an exponential growth curve. As more people start using a technology,
more people become aware of it, leading to further adoption.



Understanding Exponential Decay

Conversely, exponential decay describes a process where a quantity decreases
at a rate proportional to its current value. The general formula for
exponential decay is:

\[ N(t) = N 0 \cdot e~{-kt} \]

Where

- \( N(t) \) = the remaining quantity at time \( t \)
- \( N0 \) = the initial quantity

- \( k \) = decay constant (as a decimal)

- \( t \) = time

Examples of Exponential Decay

1. Radioactive Decay: The decay of radioactive materials is a classic example
of exponential decay. Each radioactive isotope has a unique half-life, which
is the time required for half of the substance to decay.

2. Cooling of Objects: The cooling of hot objects in a cooler environment
follows an exponential decay pattern. For instance, a hot cup of coffee cools
down over time, losing heat at a rate proportional to the temperature
difference between the coffee and the surrounding air.

3. Depreciation of Assets: In accounting, the value of assets often decreases
exponentially over time due to wear and tear, technological obsolescence, or
market depreciation.

Mathematical Properties of Exponential
Functions

Exponential functions have several unique properties that are important for
understanding their behavior:

1. Continuous Growth/Decay: Unlike linear functions, exponential functions
grow or decay continuously rather than in discrete steps.

2. Asymptotic Behavior: Exponential decay approaches zero but never actually
reaches it. Conversely, exponential growth continues indefinitely.

3. Doubling and Half-Life: In exponential growth, the doubling time is
constant, while in exponential decay, the half-life is a fixed duration in
which the quantity reduces to half its initial value.



Practice Problems

To reinforce your understanding of exponential growth and decay, here are
some practice problems. Try to solve these without looking at the answers
first.

Exponential Growth Problems

1. A population of rabbits is initially 100 and grows at a rate of 20% per
year. How many rabbits will there be after 5 years?

2. A bank account has $2,000 and earns an annual interest rate of 3%,
compounded continuously. How much money will be in the account after 10
years?

3. An initial investment of $5,000 grows to $8,000 in 4 years. What is the
annual growth rate?

Exponential Decay Problems

4. A sample of a radioactive substance has an initial mass of 80 grams and
decays at a rate of 5% per year. How much of the substance will remain after
10 years?

5. A car depreciates at a rate of 15% per year. If the car’s initial value is
$20,000, what will its value be after 3 years?

6. A cup of coffee starts at 90°C and cools to 50°C in 10 minutes. Assuming
it cools exponentially, what will be the temperature of the coffee after 20
minutes?

Answers to Practice Problems

Here are the solutions to the practice problems provided earlier:

Exponential Growth Answers

1. Population of Rabbits:

Using the formula \( P(t) = P_0 \cdot e”{rt} \):

- \( P(5) = 100 \cdot e~{0.2 \cdot 5} \approx 100 \cdot e~{1l} \approx 100
\cdot 2.718 \approx 271.83 \)

- Therefore, approximately 272 rabbits after 5 years.



2. Bank Account:

Using the formula \( A = P_0 \cdot e~{rt} \):

- \( A(10) = 2000 \cdot e"{0.03 \cdot 10} \approx 2000 \cdot e"{0.3} \approx
2000 \cdot 1.3499 \approx 2699.8 \)

- Approximately $2,699.80 after 10 years.

3. Annual Growth Rate:

Using the formula for growth:

- \( 8000 = 5000 \cdot e~{rt} \) leads to \( r = \frac{1}{4}
\ln(\frac{8000}{5000}) \approx 0.077 \) or 7.7%.

Exponential Decay Answers

4. Remaining Radioactive Substance:

- Using \( N(t) = N 0 \cdot e~{-kt} \):

- \( N(10) = 80 \cdot e~{-0.05 \cdot 10} \approx 80 \cdot e”~{-0.5} \approx 80
\cdot 0.6065 \approx 48.52 \)

- Approximately 48.52 grams remain after 10 years.

5. Depreciation of Car:

Using \( V(t) = V 0 \cdot e™{-kt} \):

- After 3 years, \( V(3) = 20000 \cdot (1 - 0.15)"3 \approx 20000 \cdot
0.6141 \approx 12282 \)

Approximately $12,282 after 3 years.

6. Cooling Coffee:
After 20 minutes, using similar calculations, we find the temperature will
be about 30°C.

Conclusion

Exponential growth and decay are powerful concepts that describe a wide
variety of phenomena in nature and human activities. Understanding these
principles allows us to model and predict behaviors in populations, finance,
and more. By practicing problems related to exponential functions, you can
enhance your mathematical skills and apply these concepts in real-world
situations. Whether you're dealing with populations, investments, or physical
processes, mastering exponential growth and decay will greatly benefit your
analytical capabilities.

Frequently Asked Questions



What is the formula for exponential growth?

The formula for exponential growth is given by y = y0 e”~(kt), where y0 is the
initial amount, k is the growth rate, t is time, and e is the base of natural
logarithms.

How do you determine the decay constant in
exponential decay problems?

The decay constant (k) can be determined from the formula N(t) = NO e~(-kt),
where NO is the initial quantity, N(t) is the quantity at time t, and k is
the decay constant. It can be calculated if you know the half-life or the
time it takes for the quantity to decrease to a certain level.

What is the difference between exponential growth
and exponential decay?

Exponential growth occurs when a quantity increases over time at a rate
proportional to its current value, while exponential decay occurs when a
quantity decreases over time at a rate proportional to its current value.

How can exponential growth be modeled in real-world
scenarios?

Exponential growth can be modeled in various real-world scenarios such as
population growth, compound interest in finance, and the spread of diseases,
where the rate of growth is proportional to the current population or
investment.

What role does the time variable (t) play in
exponential functions?

In exponential functions, the time variable (t) represents the period over
which growth or decay occurs, affecting how quickly the quantity changes. The
larger the value of t, the more significant the effect of growth or decay.

Can exponential decay ever reach zero?

Exponential decay approaches zero asymptotically, meaning it gets closer and
closer to zero but never actually reaches it. The quantity will continue to
decrease indefinitely, but it will never fully disappear.
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